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Abstract—Generating function has demonstrated the feasibility
of counting subsets of certain sets under limitations by enu-
merating every possible subsets by combinations of the element
in the sets. However, can we broaden the application of the
generating function? Can generating function not only be used in
counting the number of subsets but also can boost some modern
algorithm. In this paper, we first introduce a certain problem in
102 Combinatorial Problems by Titu Andreescu and Zuming Feng
[1]. Then we extend such method in solving such problem to the
boosting of the DFT algorithm to the FFT algorithm by reducing
the Complexity from O(N?) to O(N * logN). Then we verify
the the algorithm by programing in the matlab simulation. We
investigate the impact of FFT algorithm in harmonic analysis field
relating to the accerlation of the calculation. Intensive evaluations
validate the developed theory and case studies demonstrate how
to apply the theory to boost the DFT algorithm system design.

Keywords—generating function,discrete math, FFT, DFT, com-
plex number

I. INTRODUCTION

Let’s start with a simple question from /02 Combinatorial
Problems by Titu Andreescu and Zuming Feng: Find the
number of subsets of {1,2,3,4,5,...... ,2000} the sum of
whose elements is divisivle by 5. With these ideas in solving
such generating function problem we can further look in the
inner ideas of simplify the question, and eventually develope
a new algorithm in boosting Discrete Fourier Transform.

II. A SIMPLE DISCRETE PROBLEM
A. Generating Function in Finding Subsets

In class, we have already learnt how to use generating
function in finding the amount of subsets by:

f(z)=(01+2) (1+x2) (1+x3)...(1+x2000) )

By reshaping the function, we can write the generating funci-
ton in other form as following:

f(x) :Zaixi =ag+ a1z + asx® + ... 2)
i=0

each a; represent for the amount of the subsets which ele-
ments’ sum is ¢, for each element in the set 1 stands for the
element is not be picked up in the subset, while x? indicates
the element 2 is included in the subsets. By the laws of the
product of xtexd =t 4 j indicates the elements in the
subsets is already sum up, as a result a; can be the number

of the subsets which sum is 1.
The problem is converted to how to find the sum of constant
in the front of the x*, which 7 can be writen ini = 5-k, k € N.

B. Generating Function in Finding Sum

From the analysis above, the tranditional idea is to mulitipy
all the terms of (1 + %) together, and find the constant of
the required form to sum them up. However, the operation
of calcuating the sum can be simiplified by bringing the
whole problem into the complex domain. When it comes to
calcuating the sum of the certain constant a;, we need to shed
light on an extra method of Generating Function. The value
of = in the Generating Function is the key of calculating the
sum of the constant we need.

Go back to the Generating Funtion:

f(x)= Zaixi =ag+ a1z + asz® + ...
i=0
If z = 1, it means the sum of all constants will be 22000
f()=ao+ar-1+ay-12+ ..
On the other hand, we have another equation:
fFA)y=@1+1)- (1+1%) ... (1+12°)
When z = —1,
f(=)=ap—ay+az—..
f-H)=1-1)-(141)-..=0
Adding these equations together:
f 1)+ f (1) = 22000
f )+ f(=1) =2a0 + 2as + 2a4 + ...

The sum of the even constants is 21999,

Now focus on the function of x = —1, —1 is not only
represent the value of x is —1, but also indicates z is rotated
by 180°. To be specific,  is mulitipied by ‘™. In other words,
when we need to find the constant of the even number, we can
set z is solution of the unit circle with z2 = 1.

So far the problem is extended to the complex domains C,
when it comes to this the problem requires constants are fixed
with 5k, the unit circle of x is divided into 5 parts, when x
is rotated by 5 times, it will lead a coherent interference. On
the other hand, when z isn’t rotated by 5 times, it will go
back to 0, owing to the incoherent interference, the sum of



the constant is 0. z is set to 2° = 1. Because x € C, there are In other word, when we mulitipy a constant whose moduler

5 different solutions with x. of 5 isn’t zero, The sum of ¢ will be zero. Assume m satisfy
B O T T T tha"[ ged (m,5) = 1. After muhtlplled by m, which indicates
’ ’ ’ ’ m is the mth column of the equation

Let (¢ = esI™, Similarly, above equations add together can {0,1,2,3,4} — {0,m, 2m, 3m,4m}

m—i==k
2m—j =k
Suppose ¢ = j, which indicates the modulers of m and 2m
are the same, we have:

m="5(k—kf)

From the equation we can find ged(5,m) = 1. Since
ged (5,m) # 1, which is contridict with the Assumption. For
each solutions, we have i # j for each pairs of elements, so
that each ¢ can cover all elements in {0,1,2,3,4}.

The Sum of not the period of 5 will cancel eachother, as a
result the Sum will only be the repetition of 5.

The value of the sum of the certain constans can be
calculated from:

1o .
ap+as+apg+...= g;f (Cl> ©)]

Fig. 1. x on the complex plain

find the constant we need. The character of the ( are listed as Go back to the initial form:

followed: . FO=(1+0 0+ (1+) A+ (1+ Cs))400
>eeo
¢r=c Complex ?plane 2
Next, we need to look into the sum of f (?)
F(¢") =a0+a1¢’ +ax(’ + ... +as¢” + .
F(¢") =a0+ a1l +a® + ...+ a5’ + ...
F() = a0t arC® + a4+ as¢?0 +
f(P)=ar+a1®+a(®+ ...+ as¢™ + ...
f(CY =ar+ar¢* +a®+ ...+ a5¢* + ...
The second column indicates that:
ar (O +¢+C+E+ Y
With the quality:
CHCHEHE =0

Fig. 2. ¢ 4+ 1 on the complex plain

A tricky method can sovle the equation. We can find that

While the sum of the third column: the value of the equation is 2400,
CHCH*HC+ =0 Po1=(2-¢) (=) (- - (=) - (= ¢Y
With the character of the period, we have (—1)°-1=(=1-¢")-(-1=¢H)-(-1 =) (-1 =) (-1 - ¢%)
¢C=¢h0=¢ 2=(14¢)-(1+¢) - (1+¢)- (1+) -1+
f(Q) =2

When it comes to the sixth column,

1
CO + C5 4 ClO 4 <15 4 C?O =5 ap + a5 + a1o + ... = g (22000 + 2400 4 2400 4 2400 + 2400)



C. The Sum of the Equation

So far we have: the sum of whose elements is divisvle by

518 1

- (22000 4400 | 9400 | 9400 | 2400)

III. GENERATING FUNCTION IN FAST FOURIER
TRANSFORM

A. Introduction

Dating back to 1805, mathematician Carl Friendrich Gauss
developed a method of harmonic analysis to determine the
orbit of Juno [2]. Later during World Nuclear Forces, Scientists
need a simiplified algorithm to achieve harmonic analysis
which devised a novel approach to harmonic analysis same
as the one by Gauss [3].

Above-mentioned question can be solved by the Fast Fourier
Transform (FFT) algorithm, since they are the same form of

the question.
n—1
= E a;x’
i=0

B. Discrete Fourier Transform

DFT algorithm converts a finite sequence of equally-spaced
samples of a function into a same-length sequence of equally-
spaced samples of the discrete-time Fourier transform (DTFT),
which is a complex-valued function of frequency.

Given a series of amplitude of the signal, DFT is a trandi-
tional algorithm to analysis the frequency component of the
input signal with the equations below:

N-1
Xk =" el ¥, k=0,1,..,N -1
L “
= 3 elle M omag = X () lumamiy
n=-—oo
1 1 1 e 1
1 67]‘27{‘% e*jZﬂ'% 67]27T(NN 1)
WN _ |1 67]‘271’% e J2m 5 3271'%
1 e j2‘;r 2 2(NN 1) e—j27r (N',I%N’l)
z[0] X10]
(1] X[1]
wy.| <2 =] x[
z[N —1] X[N —1]

Where X[k| is the kth frequency component of the input
signal, z[n] is the nth amplitude of the input signal, N is the
length of the input signal.

The main idea of DFT algorithm is same as the question
above, the key is to find the required frequency component
by coherent interference and cancel the other frequency by
incoherent interference. By analysis the complexity of the
DFT algorithm, the total complexity is O(N?) which is
unaffordable.

C. Fast Fourier Transform

FFT algorithm rapidly computes such transformations by
factorizing the DFT matrix into a product of sparse (mostly
zero) factors. As a result, it manages to reduce the complexity
of computing the DFT from O(N?) , which arises if one
simply applies the definition of DFT, to O(NlogN) , where
N is the data size. The difference in speed can be enormous,
especially for long data sets where N may be in the thousands
or millions [4].

With the character of the twiddle factor W we have:

N-1
X[k =Y anWx", k=01,.,N-1 s
n=0

whereWy = e 727/N

Such twiddle factor can be veiwed as the unit root of the
circle on the complex plane , then adding other character of
the twiddle factor, we can simplify the harmonic analysis:

ok =l
4+
2 WZ
0_  n
Wn = Wp

First of all, the main point of harmonic analysis is computing
this equation:

n—1
(z) = Z a;x’
i=0

then we can divide the equation into two parts, the odd part
and the even part:

fi(x) = a4 asz' + agz? + -+ ap_pz® !
f2 (30) =a; + asxr + a5x2 R anflx%_l
(@) = fi(a®) + 2 fo(a?)

Suppose that n = 2%, z = W¥. Then we can get:

F (W) = filws) + wh fa(wiF)
= filwh) + W) f2(w})

k4 n
Also, take x = WN+ * then we have:

Fnt®) = A2 +wont? fo(w 2k+">
= frw? W) — Wk fo(w? - W)
= fi(w?*) — wk fo(w?*)
= fi(wh) — Wk fo(wh)

Pl
From the results above, we can use f; (o.)n) and w¥ fo (w’%)
to calculate the f(w 7,) and f (wn+%), which means we can
use the 2 results of & FFT to calculate the result of N FFT.
Then we can use the recursive method to calculate the result.

The complexity of the FFT algorithm is O(NlogN) which is
much better than the DFT algorithm.



dp,d1,d2,d3,d4,d5,d8,d7

do,82, 84, 8s

Fig. 3. Divide and Conquer with n = 8

dq,d3,ds, dy

Xi1(k) = X3(k) + Wy o Xa(k)
Xi(k+ — ) X3(k) — Wy o Xa(k)
Xo(k) = Xs(k) + Wh 5 X (k)
Xk + ) X, (k) — W X (k)

Take n = 8 as an example, we can get the flow chart of the
FFT algorithm as Figure 6.

FFT requires 2 - 8 = 16 multiplies and 3 - 8 = 24 adds.
DFT requires 8% = 64 multiplies and 8 — 8 = 56 adds. FFT
requires N (log, N — 1) multiplies and Nlogs N adds, while
DFT requires N2 multiplies and N (N — 1) adds.

D. The order of the FFT algorithm

Next step is how to calculate the order of the FFT algorithm.
We can use the divide and conquer method to calculate the
order of the FFT algorithm. We can derive the order from the
reverse order of the input sequence.

Actually, there two kinds of order of FFT algorithm, the
first one is the Decimation by time, which means the input
sequence is first separated, then all frequency values appear
in order. The second one is the Extract by frequency, which
means the input sequence is in the initial order, then we need
to reverse the output frequency. All in all, either the order of
the input or the output is the reverse order.

Here we take the Decimation by time as an example. We can
derive the order from the reverse order of the input sequence.
First convert the bit information into binary and then perform
code bit reverse order processing.

0o 1 2 3 4 5 6 7
000 001 010 011 100 101 110 111
0 4 2 6 1 5 3 7
000 100 010 110 001 101 011 111

Fig. 4. Reverse of n =8

E. Butterfly Computation

The butterfly computation is the core of the FFT algorithm.
It combines the results of smaller discrete Fourier transforms
(DFTs) into a larger DFT, or vice versa (breaking a larger
DFT up into subtransforms) [5]. The name “butterfly” comes
from the shape of the data-flow diagram in the radix-2 case, as
described below. The earliest occurrence in print of the term
is thought to be in a 1969 MIT technical report [6] [7].

x[0]

Xoo[0]

x[4]

=0 Xoo[1]
wi =wy? = -1

Xoo[0] = x[0]W5 + x[4]W7
Xoo[1] = x[0]WZ + x[4]W;

Fig. 5. Butterfly Diagram

Hence, the 8-point DFT can be obtained by the following
diagram with four 2-point DFTs. Then finally we can get the
result of the 8-point DFT.
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Fig. 6. Butterfly Diagram n = 8

IV. CONCLUSION

In this paper, we first introduce a simple problem in /02
Combinatorial Problems by Titu Andreescu and Zuming Feng.
Then we extend such method in solving such problem to
the boosting of the DFT algorithm to the FFT algorithm by
reducing the Complexity from O(N?) to O(N xlogN ). Then
we verify the the algorithm by programing in the matlab
simulation. We investigate the impact of FFT algorithm in the
harmonic analysis relating to the accerlation of the calculation.
Intensive evaluations validate the developed theory and case
studies demonstrate how to apply the theory to boost the DFT
algorithm system design.

The core between these question is the idea of bringing
the problem into the Complex Domain, it’s hard to link the



b X[5]
Wi

Fig. 8. Butterfly Diagram n = 8 with frequency

problem with the Complex Domain in the first simple question.
Finding the subsets of a certain set under such constrain is a
very common problem in the Combinatorial Problems, but it’s
hard to find the relationship between the Complex Domain and
the Combinatorial Problems. Since the Complex Domain is a
very powerful tool in solving the Discrete Problems, we can
extend the problem to the Complex Domain to

Generating Function is a convient bridge crossing the Dis-
crete Domain and the Complex Domain. Selecting a proper
x on the Complex Plane, using the roation of the Complex
Number to represent the Discrete Number, then the coherent
and the incoherent interference can cancel and strengthen the
component required in the problem. The character of the unit
circle is the key to simplify complexity of the operation. To be
specific, this kind of method impact the polynomial calculation
deeply.
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VI. APPENDIX
Codes for the FFT algorithm is packed in the appendix.



